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QR Code — a 2-Dimensional Barcode
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> Black/white modules form a finite nx n binary picture.
> Encodes data + Reed—Solomon error-correction in the 2-D layout.

> Scanners act like automata recognising the picture language of valid codes.
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Notation

o |w| = # of letters in w
|w|a = # of occurrences of the letter a in w
In a word

factor: subsequence of consecutive letters
subword: subsequence of letters
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o |w| = # of letters in w Fact
ACTOT
|w|a = # of occurrences of the letter a in w
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factor: subsequence of consecutive letters pal T
subword: subsequence of letters S
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Multidimensional (Finite) Words
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Multidimensional (Finite) Words

e A: finite alphabet e k>1
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Multidimensional (Finite) Words

e A: finite alphabet e k>1

Definition (k-array)

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.
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Multidimensional (Finite) Words

e A: finite alphabet e k>1

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.
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Binomial Coefficients ( to )

()-(3) e
a’ n
o Integers to Words: A = {a}

e What about for an arbitrary alphabet A7




Binomial Coefficients ( to )

()-(3) e
a’ n
o Integers to Words: A = {a}

e What about for an arbitrary alphabet A7

ou,vE.A’l<

The binomial coefficient (5) is the number of occurrences of v as a subword of u.




e uve A*

The binomial coefficient (5) is the number of occurrences of v as a subword of u.
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e uve A*

The binomial coefficient (5) is the number of occurrences of v as a subword of u.

— Example (1)

e u = 101001 e v =101

001 100 0100 u) _ (to1001) _
010 101001 1010 v] \ 101 |
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Binomial Coefficients (0 — 1 — 2 ) of Words
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Binomial Coefficients (0 — 1 — 2 ) of Words

e u,veAu {e} (single symbol or empty): zero-dimensional words

S — u\ J1, u=yv,
“" " \v] )0, otherwise.

> duv: Kronecker symbol
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Binomial Coefficients (0 — 1 — 2 ) of Words

e u,veAu {e} (single symbol or empty): zero-dimensional words

u 1, u=v,

’ v 0, otherwise.

> du,v: Kronecker symbol

o U=uwuy---ux e A* ev=vivo---vy e A* o uj, ;e A

u
v = Z 611;1 vyt 511/2 e

1<ip<---<ip<k




e u=uuy---u, € A* oV =vivo---vy € A* o u, ;e A

u
v Z 51111 vyt 6\1,‘@ Ve

1<h <--<ip<k

e M= (M - Mp)eA*  oP=(P - P)eA™
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e u=uuy---u, € A* oV =vivo---vy € A* o u, vie A

u
( ) = E 5“:‘1,‘!1 T 6uie e
v . .
1< <---<ip<k

e M= (M - Mp)e A** eP= (P --- P,)e A

The column-binomial coefficient of M and P is defined by

M\ M, M;,
ISip<--<ipsm

> (Aﬁ’f) the classical binomial coefficient of 1-D words
J
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The column-binomial coefficient of M and P is defined by

M M
<P> - i Z i <P1> - <
I<ip<--<ip<m

M:

Ip

Py

).




The column-binomial coefficient of M and P is defined by

M\ M, M,
I<ip<--<ip<m

— Example (2)

v oo

and P = (a )
a

o e o
oo e e
[




The column-binomial coefficient of M and P is defined by

M\ M, M,
I<ip<--<ip<m

— Example (2)

oo e
(20 R
~
)
=]
o
]
I
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The column-binomial coefficient of M and P is defined by

M\ M, M,
I<ip<--<ip<m

— Example (2)
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Binomial Coefficients (k-Dimension)

M= (M -+ Mpy)e A** eP= (P -+ Pp)ecA**

Definition (1)

The column-binomial coefficient of M and P is defined by

M\ M, Mi;,
IS <---<ipsm
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Binomial Coefficients (k-Dimension)

M= (M -+ Mpy)e A** eP= (P -+ Pp)ecA**

Definition (1)

The column-binomial coefficient of M and P is defined by
M\ M, Mi;,
IS <---<ipsm

o Me A% xdk o Pe ATX X% o (ex < d).
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Binomial Coefficients (k-Dimension)

M= (M -+ Mpy)e A** eP= (P -+ Pp)ecA**

Definition (1)

The column-binomial coefficient of M and P is defined by

M\ M, Mi;,
IS <---<ipsm

o Me A% xdk o Pe ATX X% o (ex < d).

Definition (2)

The slice binomial coefficient of M and P is given by

P 1<ip <+ <igy <di Pel Pek

)
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o Me A% xd o Pe Ao xe o (e < di).

The slice binomial coefficient of M and P is given by

P 1<y <+ <igy <di Pel Pek

» M;: the (k — 1)-dimensional slice obtained by fixing the last coordinate of M to i

> (Z”'/): a binomial coefficient of (k — 1)-dimensional slice arrays.
ki
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Pascal’s Identity (2D-Words)

Proposition (Pascal ldentity)
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Pascal’s Identity (2D-Words)

Proposition (Pascal ldentity)

Proposition (G. & Rigo 2025)

e Me A™X™ o Pc A°%P o Ce A™! o De A%
Moc\ ([ M . c\(m
pobD| \PoD pj\prP/

* A @ B: concatenation of two arrays (have the same number of rows)
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Chu—Vandermonde’'s ldentity (2D-Words)
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Chu—Vandermonde’'s ldentity (2D-Words)

Proposition ( Chu-Vandermonde’s Identity)
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Chu—Vandermonde’'s ldentity (2D-Words)

Proposition ( Chu-Vandermonde’s Identity)

-2 ()0
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2D-Parikh Matrices
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2D-Parikh Matrices

M= (M - Mpy)e A** eP=(P -+ Pp)ecA**
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2D-Parikh Matrices

eM=(M - My)e A** e P= (P

~

Let W : A<t — NPHDX(P+D) he 5 morphism of monoids such that, for all k € {1,

P,) € A**

...,m} and
ie{l,....,p+1},
L, j=i
[W(MW)]ij = <A;’k> j=i+1 (1<i<p),
0, otherwise.

This is the column-Parikh matrix of M.
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Example (3)

—

Let

We obtain

o
.20
4
]
S
=

g
K2}
S




e )

Let

We obtain

p P TP
oM p O

o o P oE

V)

P p TP

O O

b a a

a a a a a
a b a| ™M P= (b b
b b a

1 0\/1 2 0\/1 4 0

1 110 1 2})f0 1 4

0 1/\0 0 1/\0 0 1

—
= O O

O O

o =

14

Indeed, the entries of the matrix correspond to
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(W(M) == W(M) - V(M) |

Theorem (G. & Rigo 2025)
—_—

> W(M): an upper-unitriangular (p + 1) x (p + 1) matrix

M
<P>: encoded directly in the single entry (1, p + 1) of the unitriangular matrix W(M).



(W(M) == W(M) - V(M) |

Theorem (G. & Rigo 2025)
—_—

> W(M): an upper-unitriangular (p + 1) x (p + 1) matrix
> For every super-diagonal position (i,j) with 1 <i<j<p+1

M
<P>: encoded directly in the single entry (1, p + 1) of the unitriangular matrix W(M).



Theorem (G. & Rigo 2025)
—_—

(W(M) == W(M) - V(M) |

> W(M): an upper-unitriangular (p + 1) x (p + 1) matrix
> For every super-diagonal position (i,j) with 1 <i<j<p+1
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(W(M) == W(M) - V(M) |

Theorem (G. & Rigo 2025)
—_—

> W(M): an upper-unitriangular (p + 1) x (p + 1) matrix
> For every super-diagonal position (i,j) with 1 <i<j<p+1
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Hyperrectangle in another Hyperrectanle

eac A

= , mneN
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Hyperrectangle in another Hyperrectanle

eac A

Proposition (G. & Rigo 2025)

2.()-(2)-6)6)
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Hyperrectangle in another Hyperrectanle

eac A

Proposition (G. & Rigo 2025)

2.()-(2)-6)6)

» k>2and Me A%Xx%,

> By induction on k

@)
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Column-Shuffle

Example (4)
a b 1 a by (a b a b 40 a a b b 42 a a b b n a b a b
a a a b/ \a a a b a a a b a a b a a b a a/’
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Shuffle-Binomial Convolution for Words

Proposition (Subword-Shuffle Identity)

euc A* epeA* egeA*

(B)() - seeman(l)
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Shuffle-Binomial Convolution for Words

Proposition (Subword-Shuffle Identity)

euc A* epeA* egeA*

(B)() - seeman(l)

Proposition (G. & Rigo 2025)

e Me A™*™ o Pec AP e Qe A1

F)&) - 2.eean (i)
RE(ASXI)*

M - M;, M;, - M;,
CLE ()

1S <--<ipsm
I<ji<-<jgsm
{1y ip}odit,--.. Jq}#D
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Manvel’s Identity (2-Words)
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Manvel’s Identity (2-Words)
Theorem (Manvel’s Identity)

o uxeA* e ke N o x| < k < |ul
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Manvel’s Identity (2-Words)

Theorem (Manvel’s Identity)

o uxeA* e ke N o x| < k < |ul

Theorem (G. & Rigo 2025)

o MeArxm o PeAsXp

2 ME-2)6) G
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Let’s Recap (I)
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Let's Recap (1)

Column Combinatorial
Identities (Pascal,
u-Vandermonde, Manvel)

Review of Binomial 1

Coefficients of Words
Column and Slice '
Binomial Coefficients

‘éuluin; Parikh Maﬁgx]




g-Deformations
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g-Deformations

e We choose the recursive definition of g-binomials processed from the left.
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g-Deformations

e We choose the recursive definition of g-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

cu _ u . |av| u
q q q

e u,ve A* ec,de A
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g-Deformations

e We choose the recursive definition of g-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

cu _ u . |av| u
q q q

e u,ve A* ec,de A

— Example (5)
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(q.t)-Deformations
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(q.t)-Deformations
— Theorem (Renard, Rigo & Whiteland 2025)

o ue A* e k=0 eaj,...,akeA

K .
y _ Z qZ,-zl(kJrl*')\Uf\
aj---ax .
q  up,up,.., Uk 1E€EA
u=ujay--ugak Uyl

i Golafshan, Michel Rigo 24




(q.t)-Deformations

— Theorem (Renard, Rigo & Whiteland 2025)

o ue A* e k=0 eaj,...,akeA

u K (k+1—i)|ui]
= i=1 .
(al e ak) Z q
q

ul,u2,4.4,uk+1€.,4*
u=ujal - Ukag UKL

e M= (M - Mp)eA** eP= (P --- P,)eA*
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(q.t)-Deformations

— Theorem (Renard, Rigo & Whiteland 2025)

o ue A* e k=0 eaj,...,akeA

g _ K k1)
q

ul,u2,4.4,uk+1€.,4*
u=ujal - Ukag UKL

e M= (M -+ Mpy)e A** eP=(PL - P,)eA**

Definition (4)

The (g, t)-column-binomial coefficient of M and P is

M 5P Gi=i) (M,-1>
= Z t=i=1 J e
<P>q’t 1<i1<-~<ip<m Pl q

Mehdi Golafshan, Michel Rigo




(q.t)-Deformations

— Theorem (Renard, Rigo & Whiteland 2025)

o ue A* e k=0 eaj,...,akeA

g _ K k1)
q

ul,u2,4.4,uk+1€.,4*
u=ujal - Ukag UKL

e M= (M -+ Mpy)e A** eP=(PL - P,)eA**

Definition (4)

The (g, t)-column-binomial coefficient of M and P is

M 5P Gi=i) (M,-1>
= Z t=i=1 J e
<P>q’t 1<i1<-~<ip<m Pl q
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The (g, t)-column-binomial coefficient of M and P is

(M) 5 tz;’_lajj)(
P q,t 1< <--<ip<m

M,
P

)

M:

Ip

Py

)q.
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The (g, t)-column-binomial coefficient of M and P is

7 Y2 (=) [ M Mi,
<P> - Z = P1 Py ‘
q,t q q

1< <--<ip<m

— Example (6)

(AIZ> =(@+q) 1+t ("+q) - (+q) +t°-1-(¢"+q)

= q't+2¢°t + ¢*t° + ¢°t + ¢° + gt’ + q.




Coherence of the (qg,t)-Column Binomial
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Coherence of the (qg,t)-Column Binomial

1. Single-row arrays —> t-specialisation
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Coherence of the (qg,t)-Column Binomial

1. Single-row arrays —> t-specialisation
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(q.t)-Pascal’s ldentity
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(q.t)-Pascal’s ldentity

Proposition (Renard, Rigo & Whiteland 2025 )

euveA* ea,bc A
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(q.t)-Pascal’s ldentity

Proposition (Renard, Rigo & Whiteland 2025 )

euveA* ea,bc A

Proposition (G. & Rigo 2025)

e Me A™*™ o Pec AP e Ce A™! o De A1

com\ _( M e, (C) (M
DoP DoP D P
q,t q,t q q,t
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(q.t)-Chu—Vandermonde’s Identity
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(q.t)-Chu—Vandermonde’s Identity

Proposition (Renard, Rigo & Whiteland 2025 )

o x,y,uc A*

<>3’> _ Z: q\ulw(m—wz\) (;) (i) .
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(q.t)-Chu—Vandermonde’s Identity

Proposition (Renard, Rigo & Whiteland 2025 )

o x,y,uc A*

<?> _ El qm(ﬂlw)(z> (i)'

Proposition (G. & Rigo 2025)

e Me A7 e Ne A" o Pe AP e |P|:# columns of P

MoN (m—ipiipel (M) [N
( P) = % @ P) \P) -
q,t P1OP=P q,t q,t

) ) )
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Symmetry Rules for the (q,t)-Column Binomial
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Symmetry Rules for the (q,t)-Column Binomial

o M= (M,...,Mp), P=(Pi,...,P,), M= (row-reversed M), P = (row-reversed P).
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Symmetry Rules for the (q,t)-Column Binomial

o M= (M,...,Mp), P=(Pi,...,P,), M= (row-reversed M), P = (row-reversed P).
1. Vertical flip (reverse the column order)

My M, _ rop(m—p)—j1 [ Mm -+ My
[H]<Pl~~Pp> = [t ] Py Py )
q,t q,t

’

> polynomial in t with coefficients in N[q]
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Symmetry Rules for the (q,t)-Column Binomial

o M= (M,...,Mp), P=(Pi,...,P,), M= (row-reversed M), P = (row-reversed P).
1. Vertical flip (reverse the column order)

My M, _ rop(m—p)—j1 [ Mm -+ My
[H]<Pl~~Pp> = [t ] Py Py )
q,t q,t

’

> polynomial in t with coefficients in N[q]

2. Horizontal flip (reverse each column top—to—bottom)
[q/] M _ [qps(rfs)fj] M , I\/IEA'X"',PGASXP.
P P
q,t qg,t

> polynomial in g with coefficients in N[t]
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e )

M =

o p
p o
oo P

a a
and P—(b b)'
Letr=m=3ands=p=2

M
<P> =q4t+2tq3+(t2+t+1)q2+(t2+1>q,
q,t

[

W

) =(t2+1)q3+(t2+t+1>q2+2tq+t
q,t

s
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(g, t)- Reconstruction Problems
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(g, t)- Reconstruction Problems

’ The knowledge of certain coefficients uniquely determines the word. ‘
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(g, t)- Reconstruction Problems

’ The knowledge of certain coefficients uniquely determines the word. ‘

— Example (7)

M =

- <(I\:)) :q2+tq+t2<q2+q+1>,
q,t

(o
p T
o T O

q 't loccurs in the(q,t)—binomial <= 3be A in position(i, j)




(g, t)- Reconstruction Problems

’ The knowledge of certain coefficients uniquely determines the word. ‘

— Example (7)

a a b M
M=|a b b = <(b)) :q2+tq+t2<q2+q+1>,
b a b q,t

> Read ¢° (i =3, j=1) = b in row 3, column 1.
> Read tg (i =2 j= 2) = b in row 2, column 2.
> Read t°¢° (i =3, j = 3) = etc.
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(g, t)- Reconstruction Problems

’ The knowledge of certain coefficients uniquely determines the word. ‘

— Example (7)

a a b M
M=|a b b = <(b)) :q2+tq+t2<q2+q+1>,
b a b q,t

> Read ¢° (i =3, j=1) = b in row 3, column 1.
> Read tg (i =2 j= 2) = b in row 2, column 2.
> Read t°¢° (i =3, j = 3) = etc.

’qi_ltj_loccurs in the(q,t)—binomial <= 3 be A in position(i, j)
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Recap(ll)

Review of q-.ﬂtfnﬂnatinn .

ﬂ'f Wnrds I—— -'
- {q,t]-]'j;f;n:r_natmn ot Words 1
= —d
' {lf],t]' Defnnnaunn Identities
al and ﬂlu-‘h’arﬂ:nnmdt} "

Pro ertlesnf Defumlahnn”
T vt Do

. (q,t)-Reconstruction Problems |
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WORDS 2025, Nancy (!)

Figure: Villa Majorelle




