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QR Code — a 2-Dimensional Barcode

§ Black/white modules form a finite nˆn binary picture.
§ Encodes data + Reed–Solomon error-correction in the 2-D layout.
§ Scanners act like automata recognising the picture language of valid codes.
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Notation

‚ |w | “ # of letters in w

‚ |w |a “ # of occurrences of the letter a in w

‚ In a word
factor: subsequence of consecutive letters
subword: subsequence of letters
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Multidimensional (Finite) Words

‚ A: finite alphabet ‚ k ě 1

Definition (k-array)

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.

Mehdi Golafshan, Michel Rigo 5



Multidimensional (Finite) Words

‚ A: finite alphabet ‚ k ě 1

Definition (k-array)

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.

Mehdi Golafshan, Michel Rigo 5



Multidimensional (Finite) Words

‚ A: finite alphabet ‚ k ě 1

Definition (k-array)

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.

Mehdi Golafshan, Michel Rigo 5



Multidimensional (Finite) Words

‚ A: finite alphabet ‚ k ě 1

Definition (k-array)

A multidimensional word (k-array) is a finite hyper-rectangular array of symbols from A.

Mehdi Golafshan, Michel Rigo 5



Binomial Coefficients (Integers to Words)

˜

am

an

¸

“

˜

m
n

¸

, m, n P N
‚ Integers to Words: A “ tau

‚ What about for an arbitrary alphabet A?

‚ u, v P A˚

Definition (binomial coefficient of word)

The binomial coefficient
`u

v

˘

is the number of occurrences of v as a subword of u.
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‚ u, v P A˚

Definition (binomial coefficient of word)

The binomial coefficient
`u

v

˘

is the number of occurrences of v as a subword of u.

Example (1)

‚ u “ 101001 ‚ v “ 101

101001 101001 101001
101001 101001 101001

˜

u
v

¸

“

˜

101001
101

¸

“ 6
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Binomial Coefficients (0 ÝÑ 1 ÝÑ 2 ) of Words

Zero–Dimention
‚ u, v P A Y tεu (single symbol or empty): zero-dimensional words

δu,v “

˜

u
v

¸

“

#

1, u “ v,

0, otherwise.

§ δu,v: Kronecker symbol

One–Dimention
‚ u “ u1u2 ¨ ¨ ¨ uk P A˚

‚ v “ v1v2 ¨ ¨ ¨ vℓ P A˚
‚ ui , vj P A

˜

u
v

¸

“
ÿ

1ďi1ă¨¨¨ăiℓďk

δui1 ,v1 ¨ ¨ ¨ δuiℓ ,vℓ .
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One–Dimention
‚ u “ u1u2 ¨ ¨ ¨ uk P A˚

‚ v “ v1v2 ¨ ¨ ¨ vℓ P A˚
‚ ui , vj P A

˜

u
v

¸

“
ÿ

1ďi1ă¨¨¨ăiℓďk

δui1 ,v1 ¨ ¨ ¨ δuiℓ ,vℓ .

‚ M “
`

M1 ¨ ¨ ¨ Mm
˘

P A˚˚
‚ P “

`

P1 ¨ ¨ ¨ Pp
˘

P A˚˚

Definition (1)

The column-binomial coefficient of M and P is defined by
˜

M
P

¸

“
ÿ

1ďi1ă¨¨¨ăipďm

˜

Mi1
P1

¸

¨ ¨ ¨

˜

Mip
Pp

¸

.

§
`Mij

Pj

˘

: the classical binomial coefficient of 1-D words
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Definition (1)

The column-binomial coefficient of M and P is defined by
˜

M
P

¸

“
ÿ

1ďi1ă¨¨¨ăipďm

˜

Mi1
P1

¸

¨ ¨ ¨

˜

Mip
Pp

¸

.

Example (2)

M “

¨

˚

˚

˝

a b a a
b a a a
a a b a
a b b a

˛

‹

‹

‚

and P “

ˆ

a a
a a

˙

´M1
P1

¯

“ 3,
´M2

P1

¯

“ 1,
´M3

P1

¯

“ 1,
´M4

P1

¯

“ 6,

´M1
P2

¯

“ 3,
´M2

P2

¯

“ 1,
´M3

P2

¯

“ 1,
´M4

P2

¯

“ 6.

´M
P

¯

“ 3p1 ` 1 ` 6q ` 1p1 ` 6q ` 1p6q “ 37
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Binomial Coefficients (k-Dimension)

‚ M “
`

M1 ¨ ¨ ¨ Mm
˘

P A˚˚
‚ P “

`

P1 ¨ ¨ ¨ Pp
˘

P A˚˚

Definition (1)

The column-binomial coefficient of M and P is defined by
˜

M
P

¸

“
ÿ

1ďi1ă¨¨¨ăipďm

˜

Mi1
P1

¸

¨ ¨ ¨

˜

Mip
Pp

¸

.

‚ M P Ad1ˆ¨¨¨ˆdk ‚ P P Ae1ˆ¨¨¨ˆek ‚ (ek ď dkq.

Definition (2)

The slice binomial coefficient of M and P is given by
˜

M
P

¸

“
ÿ

1ďi1ă¨¨¨ăiek ďdk

˜

Mi1
Pe1

¸

¨ ¨ ¨

˜

Miek

Pek

¸
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‚ M P Ad1ˆ¨¨¨ˆdk ‚ P P Ae1ˆ¨¨¨ˆek ‚ (ek ď dkq.

Definition (2)

The slice binomial coefficient of M and P is given by
˜

M
P

¸

“
ÿ

1ďi1ă¨¨¨ăiek ďdk

˜

Mi1
Pe1

¸

¨ ¨ ¨

˜

Miek

Pek

¸

§ Mi : the pk ´ 1q-dimensional slice obtained by fixing the last coordinate of M to i
§

`Mij
Pej

˘

: a binomial coefficient of pk ´ 1q-dimensional slice arrays.
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Pascal’s Identity (2D-Words)

Proposition (Pascal Identity)

‚ u, v P A˚
‚ a, b P A

˜

ua
vb

¸

“

˜

u
vb

¸

` δa,b

˜

u
v

¸

.

Proposition (G. & Rigo 2025)

‚ M P Arˆm
‚ P P Asˆp

‚ C P Arˆ1
‚ D P Asˆ1

˜

M : C
P : D

¸

“

˜

M
P : D

¸

`

˜

C
D

¸˜

M
P

¸

.

* A : B: concatenation of two arrays (have the same number of rows)
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Chu–Vandermonde’s Identity (2D-Words)

Proposition ( Chu–Vandermonde’s Identity)

‚ u, v , w P A˚

˜

uv
w

¸

“
ÿ

x y“w
x,yPA˚

˜

u
x

¸ ˜

v
y

¸

.

Proposition (G. & Rigo 2025)

‚ M P Arˆm
‚ N P Arˆn

˜

M : N
P

¸

“
ÿ

P1:P2“P

˜

M
P1

¸˜

N
P2

¸

.
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2D-Parikh Matrices

‚ M “
`

M1 ¨ ¨ ¨ Mm
˘

P A˚˚
‚ P “

`

P1 ¨ ¨ ¨ Pp
˘

P A˚˚

Definition (3)

Let Ψ : Amˆ1
Ñ Npp`1qˆpp`1q be a morphism of monoids such that, for all k P t1, . . . , mu and

i P t1, . . . , p ` 1u,

rΨpMkqsi,j “

$

’

’

’

&

’

’

’

%

1, j “ i ,
˜

Mk

Pi

¸

, j “ i ` 1 p1 ď i ď pq,

0, otherwise.

This is the column-Parikh matrix of Mk .
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Example (3)

Let

M “

¨

˚

˚

˝

a b a a
b a a a
a a b a
a b b a

˛

‹

‹

‚

and P “

ˆ

a a
b b

˙

.

We obtain

Ψ

¨

˚

˚

˝

a
b
a
a

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

b
a
a
b

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

a
a
b
b

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

a
a
a
a

˛

‹

‹

‚

“

¨

˝

1 1 0
0 1 1
0 0 1

˛

‚

¨

˝

1 2 0
0 1 2
0 0 1

˛

‚

¨

˝

1 4 0
0 1 4
0 0 1

˛

‚

¨

˝

1 0 0
0 1 0
0 0 1

˛

‚“

¨

˝

1 7 14
0 1 7
0 0 1

˛

‚.

Indeed, the entries of the matrix correspond to
˜

M
`

a b
˘⊺

¸

“ 7,

˜

M
`

a b
˘⊺

¸

“ 7 and
˜

M
P

¸

“ 14.
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a a b a
a b b a

˛

‹

‹

‚

and P “

ˆ

a a
b b

˙

.

We obtain

Ψ

¨

˚

˚

˝

a
b
a
a

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

b
a
a
b

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

a
a
b
b

˛

‹

‹

‚

Ψ

¨

˚

˚

˝

a
a
a
a

˛

‹

‹

‚

“

¨

˝

1 1 0
0 1 1
0 0 1

˛

‚

¨

˝

1 2 0
0 1 2
0 0 1

˛

‚

¨

˝

1 4 0
0 1 4
0 0 1

˛

‚

¨

˝

1 0 0
0 1 0
0 0 1

˛

‚“

¨

˝

1 7 14
0 1 7
0 0 1

˛

‚.

Indeed, the entries of the matrix correspond to
˜

M
`

a b
˘⊺

¸

“ 7,

˜

M
`

a b
˘⊺

¸

“ 7 and
˜

M
P

¸

“ 14.
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ΨpMq :“ ΨpM1q ¨ ¨ ¨ ΨpMmq

Theorem (G. & Rigo 2025)

§ ΨpMq: an upper-unitriangular pp ` 1q ˆ pp ` 1q matrix
§ For every super-diagonal position pi , jq with 1 ď i ă j ď p ` 1

rΨpMqsi,j “

˜

M
pPi . . . Pj´1q

¸

.

§ The upper-right corner satisfies

rΨpMqs1,p`1 “

˜

M
P

¸

.

˜

M
P

¸

: encoded directly in the single entry p1, p ` 1q of the unitriangular matrix ΨpMq.
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Hyperrectangle in another Hyperrectanle

‚ a P A
˜

am

an

¸

“

˜

m
n

¸

, m, n P N

Proposition (G. & Rigo 2025)

‚ M P Arˆm

ÿ

PPAsˆp

˜

M
P

¸

“

˜

arˆm

asˆp

¸

“

˜

m
p

¸

¨

˜

r
s

¸p

.

§ k ě 2 and M P Ad1ˆ¨¨¨ˆdk .
§ By induction on k

ÿ

PPAe1ˆ¨¨¨ˆek

˜

M
P

¸

“

˜

dk

ek

¸ ˜

dk´1

ek´1

¸ek
˜

dk´2

ek´2

¸ek ek´1

¨ ¨ ¨

˜

d1

e1

¸ek ek´1¨¨¨e2

.
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Column-Shuffle

Example (4)

ˆ

a b
a a

˙

�

ˆ

a b
a b

˙

“

ˆ

a b a b
a a a b

˙

`2
ˆ

a a b b
a a a b

˙

`2
ˆ

a a b b
a a b a

˙

`

ˆ

a b a b
a b a a

˙

.
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Shuffle–Binomial Convolution for Words

Proposition (Subword-Shuffle Identity)

‚ u P A˚
‚ p P A˚

‚ q P A˚

˜

u
p

¸ ˜

u
q

¸

“
ÿ

rPA˚

@

p � q, r
D

˜

u
r

¸

.

Proposition (G. & Rigo 2025)

‚ M P Arˆm
‚ P P Asˆp

‚ Q P Asˆq

˜

M
P

¸˜

M
Q

¸

“
ÿ

RPpAsˆ1q˚

xP � Q, Ry

˜

M
R

¸

`
ÿ

1ďi1ă¨¨¨ăipďm
1ďj1ă¨¨¨ăjqďm

ti1,...,ipuXtj1,...,jqu‰H

˜

pMi1 ¨ ¨ ¨ Mip q

P

¸

¨

˜

pMj1 ¨ ¨ ¨ Mjq q

Q

¸

.
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Manvel’s Identity (2D-Words)

Theorem (Manvel’s Identity)

‚ u, x P A˚
‚ k P N ‚ |x | ď k ď |u|

ÿ

tPAk

˜

u
t

¸ ˜

t
x

¸

“

˜

|u| ´ |x |

k ´ |x |

¸ ˜

u
x

¸

.

Theorem (G. & Rigo 2025)

‚ M P Arˆm
‚ P P Asˆp

ÿ

T PAqˆt

˜

M
T

¸˜

T
P

¸

“

˜

m ´ p
t ´ p

¸˜

r
q

¸t´p˜

r ´ s
q ´ s

¸p˜

M
P

¸

.
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Let’s Recap (I)
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Let’s Recap (I)
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q-Deformations

‚ We choose the recursive definition of q-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

‚ u, v P A˚
‚ c, d P A

˜

cu
dv

¸

q

“

˜

u
dv

¸

q

¨ q|dv |
` δc,d

˜

u
v

¸

q

.

Example (5)
˜

aab
ab

¸

q

“ q2
` q and

˜

aba
ab

¸

q

“ 1.

Mehdi Golafshan, Michel Rigo 23



q-Deformations

‚ We choose the recursive definition of q-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

‚ u, v P A˚
‚ c, d P A

˜

cu
dv

¸

q

“

˜

u
dv

¸

q

¨ q|dv |
` δc,d

˜

u
v

¸

q

.

Example (5)
˜

aab
ab

¸

q

“ q2
` q and

˜

aba
ab

¸

q

“ 1.

Mehdi Golafshan, Michel Rigo 23



q-Deformations

‚ We choose the recursive definition of q-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

‚ u, v P A˚
‚ c, d P A

˜

cu
dv

¸

q

“

˜

u
dv

¸

q

¨ q|dv |
` δc,d

˜

u
v

¸

q

.

Example (5)
˜

aab
ab

¸

q

“ q2
` q and

˜

aba
ab

¸

q

“ 1.

Mehdi Golafshan, Michel Rigo 23



q-Deformations

‚ We choose the recursive definition of q-binomials processed from the left.

Definition (Renard, Rigo & Whiteland 2025)

‚ u, v P A˚
‚ c, d P A

˜

cu
dv

¸

q

“

˜

u
dv

¸

q

¨ q|dv |
` δc,d

˜

u
v

¸

q

.

Example (5)
˜

aab
ab

¸

q

“ q2
` q and

˜

aba
ab

¸

q

“ 1.

Mehdi Golafshan, Michel Rigo 23



(q,t)-Deformations

Theorem (Renard, Rigo & Whiteland 2025)

‚ u P A˚
‚ k ě 0 ‚ a1, . . . , ak P A

˜

u
a1 ¨ ¨ ¨ ak

¸

q

“
ÿ

u1,u2,...,uk`1PA˚

u“u1a1¨¨¨uk ak uk`1

q
řk

i“1pk`1´iq|ui |.

‚ M “
`

M1 ¨ ¨ ¨ Mm
˘

P A˚˚
‚ P “

`

P1 ¨ ¨ ¨ Pp
˘

P A˚˚

Definition (4)

The pq, tq-column-binomial coefficient of M and P is
˜

M
P

¸

q,t

“
ÿ

1ďi1ă¨¨¨ăipďm

t
řp

j“1pij ´jq

˜

Mi1
P1

¸

q

¨ ¨ ¨

˜

Mip
Pp

¸

q

.
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Definition (4)

The pq, tq-column-binomial coefficient of M and P is
˜

M
P

¸

q,t

“
ÿ

1ďi1ă¨¨¨ăipďm

t
řp

j“1pij ´jq

˜

Mi1
P1

¸

q

¨ ¨ ¨

˜

Mip
Pp

¸

q

.

Example (6)

M “

¨

˝

a a a
a b a
b a b

˛

‚ P “

ˆ

a a
b b

˙

˜

M
P

¸

q,t

“ pq2
` qq ¨ 1 ` t ¨ pq2

` qq ¨ pq2
` qq ` t2

¨ 1 ¨ pq2
` qq

“ q4t ` 2q3t ` q2t2
` q2t ` q2

` qt2
` q.
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Coherence of the (q,t)-Column Binomial

1. Single-row arrays ùñ t-specialisation
˜

M
P

¸

q,t

“

˜

M
P

¸

q

ptq

2. Single-column arrays ùñ q-specialisation
˜

M
P

¸

q,t

“

˜

M
P

¸

q
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(q,t)-Pascal’s Identity

Proposition (Renard, Rigo & Whiteland 2025 )

‚ u, v P A˚
‚ a,b P A

˜

ua
vb

¸

q

“

˜

u
vb

¸

q

¨ q|vb|
` δa,b

˜

u
v

¸

q

.

Proposition (G. & Rigo 2025)

‚ M P Arˆm
‚ P P Asˆp

‚ C P Arˆ1
‚ D P Asˆ1

˜

C : M
D : P

¸

q,t

“

˜

M
D : P

¸

q,t

¨ tp`1
`

˜

C
D

¸

q

˜

M
P

¸

q,t

.
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(q,t)-Chu–Vandermonde’s Identity

Proposition (Renard, Rigo & Whiteland 2025 )

‚ x , y , u P A˚

˜

xy
u

¸

q

“
ÿ

u1u2“u

q |u1|

`

|y |´|u2|

˘

˜

x
u1

¸

q

˜

y
u2

¸

q

.

Proposition (G. & Rigo 2025)

‚ M P Arˆm
‚ N P Arˆn

‚ P P Asˆp
‚ |P|:# columns of P

˜

M : N
P

¸

q,t

“
ÿ

P1:P2“P

tpm´|P1|q|P2|

˜

M
P1

¸

q,t

˜

N
P2

¸

q,t

.
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Symmetry Rules for the (q,t)-Column Binomial

‚ M “ pM1, . . . , Mmq, P “ pP1, . . . , Ppq, rM “ prow-reversed Mq, rP “ prow-reversed Pq.

1. Vertical flip (reverse the column order)

rt j
s

˜

M1 ¨ ¨ ¨ Mm

P1 ¨ ¨ ¨ Pp

¸

q,t

“ rtppm´pq´j
s

˜

Mm ¨ ¨ ¨ M1

Pp ¨ ¨ ¨ P1

¸

q,t

.

§ polynomial in t with coefficients in Nrqs

2. Horizontal flip (reverse each column top–to–bottom)

rqj
s

˜

rM
rP

¸

q,t

“ rqpspr´sq´j
s

˜

M
P

¸

q,t

, M P Arˆm, P P Asˆp.

§ polynomial in q with coefficients in Nrts
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Example (7)

M “

¨

˝

a a a
a b a
b a b

˛

‚ and P “

ˆ

a a
b b

˙

.

Let r “ m “ 3 and s “ p “ 2
˜

M
P

¸

q,t

“ q4t ` 2tq3
`

´

t2
` t ` 1

¯

q2
`

´

t2
` 1

¯

q,

˜

rM
rP

¸

q,t

“

´

t2
` 1

¯

q3
`

´

t2
` t ` 1

¯

q2
` 2tq ` t.
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pq, tq- Reconstruction Problems

The knowledge of certain coefficients uniquely determines the word.

Example (7)

M “

¨

˝

a a b
a b b
b a b

˛

‚ ùñ

ˆ

M̀
b

˘

˙

q,t
“ q2

` tq ` t2
´

q2
` q ` 1

¯

.

§ Read q2 `

i “ 3, j “ 1
˘

ùñ b in row 3, column 1.
§ Read tq

`

i “ 2, j “ 2
˘

ùñ b in row 2, column 2.
§ Read t2q2 `

i “ 3, j “ 3
˘

ùñ etc.

qi´1tj´1occurs in thepq, tq´binomial ðñ D b P A in positionpi, jq
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Recap(II)
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Recap(II)
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WORDS 2025, Nancy (!)

Figure: Villa Majorelle
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