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The protagonists
Number of extensions and return words
Structure of extensions and return words

Some notations

We consider
e a two-sided infinite sequence x

e over the alphabet A (minimal)

where its language is denoted £(x)

and £,(x) is the set of length-n words in x.
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1. The protagonists



The protagonists
Number of extensions and return words
Structure of extensions and return words

Extensions

For any w € L(x),

e its left extensions are the letters in

Et(w)={ac A:aw e L(x)},
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Extensions

For any w € L(x),

e its /eft extensions are the letters in
Ef(w)={ac A:aw e L(x)},
e its right extensions are the letters in

ER(w)={be A:wbe L(x)},
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Extensions

For any w € L(x),

e its left extensions are the letters in
Ef(w)={aec A:aw e L(x)},
e its right extensions are the letters in
ER(w)={bec A:wbe L(x)},
e its bi-extensions are the pairs of letters in

Ex(w) = {(a, b) € A% : awb € L(x)}.
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Number of extensions and return words
Structure of extensions and return words

Extensions and factor complexity

Definition
e s.: n— py(n+1) — pe(n) is the first difference of complexity;
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Extensions and factor complexity

Definition

e s.: n— py(n+1) — pe(n) is the first difference of complexity;

o my(w) = #E(w) — #EL(w) — #ER(w) + 1 is the multiplicity
of w € L(x).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Extensions and factor complexity

Definition

e s.: n— py(n+1) — pe(n) is the first difference of complexity;

o my(w) = #E(w) — #EL(w) — #ER(w) + 1 is the multiplicity
of w € L(x).

Proposition

For all n,

sx(n+1) — s¢(n) = Z my(w).

weLn(x)
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Structure of extensions and return words

Return words

x = ---001100200110022001100011 - - -

Rx(00) =
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Number of extensions and return words
Structure of extensions and return words

Return words

x =---]0011 | 00200110022001100011 - - -

R, (00) = {0011
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words

x =---]0011 | 002 | 00110022001100011 - - -
R«(00) = {0011, 002
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Number of extensions and return words
Structure of extensions and return words

Return words

x =---]0011]002 | 0011 | 0022001100011 - - -
R«(00) = {0011, 002
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words

x =---|0011 | 002 | 0011 | 0022 | 001100011 - - -
R, (00) = {0011, 002, 0022
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words

x =---| 0011 | 002 | 0011 | 0022 | 0011 | 00011 --
R,(00) = {0011, 002, 0022
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Number of extensions and return words
Structure of extensions and return words

Return words

x =---|0011 | 002 0011 | 0022 | 0011 | O | 0011 --
R,(00) = {0011, 002, 0022, 0}
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words

x =---|0011 | 002 | 0011 | 0022 | 0011 | 0 | 0011 - - -
R,(00) = {0011, 002, 0022, 0}

Definition
A return word for w is a word u such that

uw € L(x) NwAT\ ATwAT.

The set of return words for w is denoted R, (w).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words

x =---|0011 | 002 | 0011 | 0022 | 0011 | 0 | 0011 - - -
R,(00) = {0011, 002, 0022, 0}

Definition
A return word for w is a word u such that

uw € L(x) NwAT\ ATwAT.
The set of return words for w is denoted R, (w).

Remark: Ry(e) = A
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Decomposition and derivation

x= --- 0011 002 0011 0022 0011 O OO11---
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Decomposition and derivation

x= --- 0011 002 0011 0022 0011 O OO11---

ol 2 o
Doo(x)= - 0 1 0 2 0 3
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Decomposition and derivation

x= --- 0011 002 0011 0022 0011 O OO11---
{ { { { L]
Doo(x) = -+ 0 1 0 2 0 3
Definition

The derived sequence of x with respect to w is the sequence
Dy,(x) € BZ such that x = §(D,(x)) for a morphism ¢ defining a
bijection between B and R (w).

France Gheeraert The link between return words and extensions of factors WORDS 2025 5 /26



The protagonists
Number of extensions and return words
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Comparison

Extensions Return words
e letters or pairs of letters e (long) words
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Extensions Return words
e letters or pairs of letters e (long) words
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Comparison
Extensions Return words
e letters or pairs of letters e (long) words
e very local e mildly local
e gives the complexity of x e gives a decomposition of x
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France Gheeraert

The protagonists
Number of extensions and return words
Structure of extensions and return words

Comparison

Extensions

letters or pairs of letters
very local
gives the complexity of x

used to define or
characterize famous families
of sequences

The link between return words and extensions of factors

Return words

(long) words
mildly local
gives a decomposition of x

used for S-adic
representations and critical
exponents
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The protagonists
Number of extensions and return words
Structure of extensions and return words

First observation

Knowing the return words for w,

e we know the left and right extensions of w,
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First observation

Knowing the return words for w,

e we know the left and right extensions of w,
example: if the return words for 011 are 01101,0110,011101,
then EL(w) = {0,1} and ER(w) = {0, 1}
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The protagonists
Number of extensions and return words
Structure of extensions and return words

First observation

Knowing the return words for w,

e we know the left and right extensions of w,
example: if the return words for 011 are 01101,0110,011101,
then EL(w) = {0,1} and ER(w) = {0, 1}
and in particular,

#Ro(w) > max{#Eg(w), #EZ (w)};

France Gheeraert The link between return words and extensions of factors WORDS 2025 7 /26
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Number of extensions and return words
Structure of extensions and return words

First observation

Knowing the return words for w,

e we know the left and right extensions of w,
example: if the return words for 011 are 01101,0110,011101,
then EL(w) = {0,1} and ER(w) = {0, 1}
and in particular,

#Ro(w) > max{#Eg(w), #EZ (w)};

e we can't know the bi-extensions of w.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

First observation

Knowing the return words for w,

e we know the left and right extensions of w,
example: if the return words for 011 are 01101,0110,011101,
then EL(w) = {0,1} and ER(w) = {0,1}
and in particular,

#Ro(w) > max{#Eg(w), #EZ (w)};

e we can't know the bi-extensions of w.

Knowing the extensions of w,

e we can't know the return words for w.
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2. Number of extensions and return
words



The protagonists
Number of extensions and return words
Structure of extensions and return words

A first result

Theorem (Vuillon)
x is Sturmian if and only if #Rx(w) = 2 for all w € L(x).
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A first result

Theorem (Vuillon)
x is Sturmian if and only if #Rx(w) = 2 for all w € L(x).

Tools for the proof:

e Rauzy graphs of Sturmian sequences
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A first result

Theorem (Vuillon)
x is Sturmian if and only if #Rx(w) = 2 for all w € L(x).
Tools for the proof:

e Rauzy graphs of Sturmian sequences

o #Rx(w)=2forall we L(x) = #Rp,(x)(uv) =2 for all
u € L(Dy(x))
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A first result

Theorem (Vuillon)
x is Sturmian if and only if #Rx(w) = 2 for all w € L(x).
Tools for the proof:

e Rauzy graphs of Sturmian sequences

o #Rx(w)=2forall we L(x) = #Rp,(x)(uv) =2 for all
u € L(Dy(x))

e S-adic characterization of Sturmian sequences
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

01
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A tree to count return words

For the Thue-Morse sequence,
/ 010
01 \

011
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Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100
010

////// o101

01

™~
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A tree to count return words

For the Thue-Morse sequence,

0100
010

////// o001

01

™~
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100
010

////// o001

01

™~

011 —— 0110
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100 —— 01001
010
\
_ 0101
01
011 —— 0110
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A tree to count return words

For the Thue-Morse sequence,

0100 —— 01001
010
\
_ 0101
01
01100
011 —— 0110
01101
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Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100 —— 01001
010
\
_ 0101
01
01100 — 011001
011 —— 0110
01101
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100 —— 01001
010
\
_ 0101
01
01100 — 011001
011 —— 0110
01101
# return words
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words

For the Thue-Morse sequence,

0100 —— 01001
010
\
_ 0101
01
01100 — 011001
011 —— 0110
01101
# return words = # branches
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The protagonists
Number of extensions and return words
Structure of extensions and return words

A tree to count return words
For the Thue-Morse sequence,

0100 —— 01001
00—

/ o001

01
01100 — 011001
011 —— 0110

01101
# return words = # branches
=1+ (#ER(w) 1)

ues
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The protagonists
Number of extensions and return words
Structure of extensions and return words

General case

Proposition (Balkova, Pelantova, Steiner)

If x is uniformly recurrent, then for every w € L(x),

#R(w) =1+ > (#EE(u) - 1)

UGSW

where S,, = {u € L(x)NwA* : |u|, =1}
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The protagonists
Number of extensions and return words
Structure of extensions and return words

General case

Proposition (Balkova, Pelantova, Steiner)

If x is uniformly recurrent, then for every w € L(x),

#R(w) =1+ > (#EE(u) - 1)
UESW
where S,, = {u € L(x) N wA* : |u|, = 1} is an x-maximal suffix
code.

Definition
A set S C L(x) is an x-maximal suffix code if
e for all u,v € S, if u € Suff(v), then u = v (suffix code)

e for each v € L(x), there exists u € S such that v € Suff(u) or
u € Suff(v) (x-maximal).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Working on sums

Lemma
If S is a finite x-maximal suffix code, then

S (#BRW) -1) =#A-1+ 3 m(u).
ues ueL(x)
Suff(u)NS=0
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Working on sums

Lemma
If S is a finite x-maximal suffix code, then

S (#BRW) -1) =#A-1+ 3 m(u).

ues ueL(x)
Suff(u)NS=0

Proposition (G.)
If x is uniformly recurrent, then for every w € L(x),
HRy(w) = #A+ Z my(u).

ueL(x)
|ulw=0
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Working on sums

Lemma
If S is a finite x-maximal suffix code, then

S (#BRW) -1) =#A-1+ 3 m(u).

ues ueL(x)
Suff(u)NS=0

Proposition (G.)
If x is uniformly recurrent, then for every w € L(x),
HRy(w) = #A+ Z my(u).

ueL(x)
|ulw=0

Similar sums to study the evolution of factor complexity when
applying a morphism.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another
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Return words for a set

Condition:

W C L(x) is a factor code, i.e. no element is factor of another

Example:

x = ---0011002001100220011000110 - - -

and W = {00,011}

RX(W) =
CRX(W) =
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Condition:

W C L(x) is a factor code, i.e. no element is factor of another

Example:

x =--+]0011002001100220011000110 - - -

and W = {00,011}

RX(W) =
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---]0]011002001100220011000110- - -
and W = {00,011}

Rx(W) ={0
CRL (W) = {0011
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---/0]011]002001100220011000110- - -
and W = {00,011}

Ry(W) = {0,011
CR. (W) = {0011,01100
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10|011] 002 | 001100220011000110- - -
and W = {00,011}

Ry (W) = {0,011, 002
CR«(W) = {0011,01100, 00200

France Gheeraert The link between return words and extensions of factors WORDS 2025 12 /26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10]011]002|0|01100220011000110- -
and W = {00,011}

R (W) = {0,011, 002
CR(W) = {0011, 01100, 00200
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Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10]011]002|0]|011|00220011000110 - -
and W = {00,011}

Ry (W) = {0,011,002
CRx(W) = {0011, 01100, 00200
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Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10/011]002|0]011|0022|0011000110---
and W = {00,011}

R (W) = {0,011, 002, 0022
CR(W) = {0011, 01100, 00200, 002200
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Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10]011|002|0|011|0022|0| 011000110 --
and W = {00,011}

Ry (W) = {0,011, 002, 0022
CR«(W) = {0011,01100, 00200, 002200
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10]011]002|0]|011]0022|0|011|000110---
and W = {00,011}

Ry (W) = {0,011,002,0022
CR. (W) = {0011, 01100, 00200, 002200
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---/0]011|002|0|011|0022|0|011|0]00110---
and W = {00,011}

Ry (W) = {0,011, 002, 0022
CRx(W) = {0011, 01100, 00200, 002200, 000
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:
x=---10]011|002|0|011]0022|0|011|0|0|0110---
and W = {00,011}

R (W) = {0,011, 002, 0022}
CRx(W) = {0011, 01100, 00200, 002200, 000}
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The protagonists
Number of extensions and return words
S"VUC"UV& Of extensions 3\7(1 return \"JOV(‘S

Return words for a set

Condition:
W C L(x) is a factor code, i.e. no element is factor of another

Example:

x=---10]011]002|0]011|0022|0|011|0|0|0110---

and W = {00,011}

Ry (W) = {0,011,002,0022}
CRx(W) = {0011, 01100, 00200, 002200, 000}

Definition
The complete return words for W are the elements of

CR (W) = L(x) N WAT N ATW \ ATWAT.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Number of return words for a set

Proposition (G.)

If x is uniformly recurrent, then for every factor code W C L(X),

HCRA(W) = #W + > (#EF(u) 1)

uESy

where Sy = {u € L(x) N WA* : |ulw = 1}.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Number of return words for a set

Proposition (G.)

If x is uniformly recurrent, then for every factor code W C L(X),

HCRA(W) = #W + > (#EF(u) 1)

uESy
=#W -1+ #A+ D my(uv)
ueL(x)
lulw=0

where Sy = {u € L(x) N WA* : |ulw = 1}.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Neutrality

Definition

A word w € L(x) is

e neutral if my(w) =0,
e weak if my(w) <0,

e strong if my(w) > 0.
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Number of extensions and return words
Structure of extensions and return words

Neutrality

Definition

A word w € L(x) is

e neutral if my(w) =0,
e weak if my(w) <0,

e strong if my(w) > 0.

Definition

A sequence x is eventually neutral if any long enough w € L(x) is
neutral.

France Gheeraert The link between return words and extensions of factors WORDS 2025 14 / 26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Theorem (Balkova, Pelantova, Steiner ; Dolce, Perrin)

Let x be uniformly recurrent with no weak w € L>p(x).
The following are equivalent:
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Number of extensions and return words
Structure of extensions and return words

Theorem (Balkova, Pelantova, Steiner ; Dolce, Perrin)

Let x be uniformly recurrent with no weak w € L>p(x).
The following are equivalent:

1. every w € L>p(x) is neutral;

2. 3K st. #CR (W) =#W + K for every W C L>pn(x);
3. 3K st. #Rx(w) =1+ K for every w € L>p(x).
Moreover, K = sy (N).
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Structure of extensions and return words

Theorem (Balkova, Pelantova, Steiner ; Dolce, Perrin)

Let x be uniformly recurrent with no weak w € L>p(x).
The following are equivalent:

1. every w € L>p(x) is neutral;
2. 3K st. #CR (W) =#W + K for every W C L>pn(x);
3. 3K st. #Rx(w) =1+ K for every w € L>p(x).
Moreover, K = sy (N).
U

HCRA(W) = #W +#A -1+ > my(v)

ueL(x)
lulw=0
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Theorem (Balkova, Pelantova, Steiner ; Dolce, Perrin)

Let x be uniformly recurrent with no weak w € L>p(x).
The following are equivalent:

1. every w € L>p(x) is neutral;
2. 3K st. #CR (W) =#W + K for every W C L>pn(x);
3. 3K st. #Rx(w) =1+ K for every w € L>p(x).
Moreover, K = sy (N).
U

HCRA(W) = #W +#A -1+ > my(v)

ueL(x)
lulw=0

fiif mye(v) > 0, then #R.(v) < #Rx(va) for a € ER(v)
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The protagonists
Number of extensions and return words

Structure of extensions and return words

Low number of return words

Proposition (adaptation of Balkova, Pelantova, Steiner)
Let x be uniformly recurrent.
1. #Ry(w) =1 for every long enough w

<= x is ev. neutral with lim, sc(n) =0 (x is periodic).
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The protagonists
Number of extensions and return words

Structure of extensions and return words

Low number of return words

Proposition (adaptation of Balkova, Pelantova, Steiner)
Let x be uniformly recurrent.
1. #Ry(w) =1 for every long enough w
<= x is ev. neutral with lim, sc(n) =0 (x is periodic).
2. #Ry(w) = 2 for every long enough w

<= x is ev. neutral with limp, sx(n) =1 (x is quasi-Sturmian).
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The protagonists
Number of extensions and return words

Structure of extensions and return words

Low number of return words

Proposition (adaptation of Balkova, Pelantova, Steiner)
Let x be uniformly recurrent.
1. #Ry(w) =1 for every long enough w
<= x is ev. neutral with lim, sc(n) =0 (x is periodic).
2. #Ry(w) = 2 for every long enough w
<= x is ev. neutral with limp, sx(n) =1 (x is quasi-Sturmian).
3. #Rx(w) = 3 for every long enough w
<= x is ev. neutral with lim, s,(n) = 2.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Low number of return words

Proposition (adaptation of Balkova, Pelantova, Steiner)
Let x be uniformly recurrent.
1. #Ry(w) =1 for every long enough w
<= x is ev. neutral with lim, sc(n) =0 (x is periodic).
2. #Ry(w) = 2 for every long enough w
<= x is ev. neutral with limp, sx(n) =1 (x is quasi-Sturmian).

3. #Rx(w) = 3 for every long enough w
<= x is ev. neutral with lim, s,(n) = 2.

Counter-example for #Rx(w) = 4: Thue-Morse
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3. Structure of extensions and return
words



The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with

the operations:

e inversion : (wiws---w,) L =w,towg tug !
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.

Examples:

(ab~tac™) ™t = calba?!
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.
Examples:
(ab~tac™) ™t = calba?!

(abba™!) - (ab~'aa) = abba tablaa
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.
Examples:
(ab~tac™) ™t = calba?!

(abba™!) - (ab~aa) = abba 'ab~laa

France Gheeraert The link between return words and extensions of factors WORDS 2025 17 / 26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.
Examples:
(ab~tac™')™! = calha™l

(abba™') - (ab'aa) = abbb taa
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of return words: embedding in the free group

The free group F4 is the natural algebraic extension of A* with
the operations:
1

-1, 1

e inversion : (wiwa---wy) P =w,lws twy

e concatenation-cancellation : when concatenating, we erase
factors aa—! and a la.
Examples:
(ab~tac™')™! = calha™l

(abba™') - (ab~'aa) = abaa
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Free and generating sets

Definition
Aset SC Fyis

e freeif s/*--- 5" # e for any choice of n > 1, s1,...,s, € S, and

of n1,...,nn € {1, —1} such that n; = nj41 if s; = si41;
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Free and generating sets

Definition

Aset SC Fyis

o freeif 5171 ---s)" # ¢ for any choice of n >1, s51,...,5, € S, and
of n1,...,nn € {1, —1} such that n; = nj41 if s; = si41;

e generating if any element of F 4 is obtained as a product of
elements of S and their inverses;
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Free and generating sets

Definition

Aset SC Fyis

o freeif 5171 ---s)" # ¢ for any choice of n >1, s51,...,5, € S, and
of n1,...,nn € {1, —1} such that n; = nj41 if s; = si41;

e generating if any element of F 4 is obtained as a product of
elements of S and their inverses;

e a basis of F, if it is free and generating.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Free and generating sets

Definition

Aset SC Fyis

e freeif s/*--- 5" # e for any choice of n > 1, s1,...,s, € S, and
of n1,...,nn € {1, —1} such that n; = nj41 if s; = si41;

e generating if any element of F 4 is obtained as a product of
elements of S and their inverses;

e a basis of F, if it is free and generating.
Examples: S ={0,01,011} is generating:

0€S and 1=(0)"%(01)

France Gheeraert The link between return words and extensions of factors WORDS 2025 18 / 26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Free and generating sets

Definition
Aset SC Fyis
e freeif s/*--- 5" # e for any choice of n > 1, s1,...,s, € S, and

of n1,...,mn € {1, —1} such that n; = 741 if 5; = si11;
e generating if any element of F 4 is obtained as a product of
elements of S and their inverses;

e a basis of F, if it is free and generating.
Examples: S ={0,01,011} is generating:
0€S and 1=(0)"%(01)

but not free:
(01)(0)~1(01)(011) ! =&,
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of extensions: extension graph

x = ---10010011001001001101100 - - -

&x(10)

. \ ' \
. 1 | 1
\ 1 | 1
\ 1 i 1
1 1 .
left ! | : | right
. I I .
extensions : ! : ! extensions
1 1
: 1 : 1
1 ! 1 !
vt T IS
bi-extensions
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Structure of extensions: extension graph

x = ---10010011001001001101100 - - -

&x(10)

Ralpiaun e
(OO
\ 1 | 1
\ 1 i 1

left ! ' : ' right

. o Lo e

extensions 1 ! 1 ! extensions
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bi-extensions
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Structure of extensions: extension graph

x =---10010011001001001101100 - - -

left right
extensions extensions
bi-extensions
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Link with Rauzy graphs
Definition
The Rauzy graph of order n is the graph I'y(n) such that
e the vertices are the elements of £,(x);
e there is an edge from u to v with label a € A if av € uAN L(x).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).

+++010020010020 - - -

10 01
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Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Number of extensions and return words
Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).

+-+010020010020 - - -
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Number of extensions and return words
Structure of extensions and return words

Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs
Definition
The Rauzy graph of order n is the graph I'y(n) such that
e the vertices are the elements of £,(x);
e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs
Definition
The Rauzy graph of order n is the graph I'y(n) such that
e the vertices are the elements of £,(x);
e there is an edge from u to v with label a € A if av € uAN L(x).
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Link with Rauzy graphs

Definition

The Rauzy graph of order n is the graph I'y(n) such that

e the vertices are the elements of £,(x);

e there is an edge from u to v with label a € A if av € uAN L(x).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Dendricity and cie.

Definition

A word w € L(x) is

e acyclic if E(w) is acyclic;

e connected if E,(w) is connected;

e dendric if Ex(w) is a tree.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Dendricity and cie.

Definition

A word w € L(x) is

e acyclic if E(w) is acyclic;

e connected if E,(w) is connected;

e dendric if Ex(w) is a tree.

Definition
A sequence x is
e connected if every w € L(x) is connected;

e dendric if every w € L(x) is dendric.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Connected extensions and generating return words

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

If x is uniformly recurrent and connected, then R.(w) generates
F4 for every w € L(x).

France Gheeraert The link between return words and extensions of factors WORDS 2025 22 /26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Connected extensions and generating return words

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

If x is uniformly recurrent and connected, then Ry(w) generates
F4 for every w € L(x).

Idea of proof:

e for each w, there exists u such that (R.(w)) contains the group
G generated by the paths based on u in [ (|ul);
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Number of extensions and return words
Structure of extensions and return words

Connected extensions and generating return words

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

If x is uniformly recurrent and connected, then Ry(w) generates
F4 for every w € L(x).

Idea of proof:

e for each w, there exists u such that (R.(w)) contains the group
G generated by the paths based on u in [ (|ul);

e since x is connected, G is also the group generated by the paths
based on ujy 5 in Tx(n);
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Number of extensions and return words
Structure of extensions and return words

Connected extensions and generating return words

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

If x is uniformly recurrent and connected, then Ry(w) generates
F4 for every w € L(x).

Idea of proof:

e for each w, there exists u such that (R.(w)) contains the group
G generated by the paths based on u in [y (|ul);

e since x is connected, G is also the group generated by the paths
based on ujy 5 in Tx(n);

e the paths based on ¢ in ['(0) generate F4.
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Connected extensions and generating return words

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

If x is uniformly recurrent and connected, then Ry(w) generates
F4 for every w € L(x).

Idea of proof:

e for each w, there exists u such that (R.(w)) contains the group
G generated by the paths based on u in [y (|ul);

e since x is connected, G is also the group generated by the paths
based on ujy 5 in Tx(n);

e the paths based on ¢ in ['(0) generate F4.

Theorem (Goulet-Ouellet)

If x is uniformly recurrent and suffix-connected, then R, (w)
generates F 4 for every w € L(x).
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Dendric extensions and basis of return words

Theorem (Berthé et al. & G., Goulet-Ouellet, Leroy, Stas)

Let x be uniformly recurrent. The following assertions are
equivalent:

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of F4;
3. for every w € L(x), Rx(w) is a tame basis of F 4.
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Number of extensions and return words
Structure of extensions and return words

Dendric extensions and basis of return words

Theorem (Berthé et al. & G., Goulet-Ouellet, Leroy, Stas)

Let x be uniformly recurrent. The following assertions are
equivalent:

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of F4;
3. for every w € L(x), Rx(w) is a tame basis of F 4.

Proof that 1 = 2:
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Number of extensions and return words
Structure of extensions and return words

Dendric extensions and basis of return words

Theorem (Berthé et al. & G., Goulet-Ouellet, Leroy, Stas)

Let x be uniformly recurrent. The following assertions are
equivalent:

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of F4;
3. for every w € L(x), Rx(w) is a tame basis of F 4.

Proof that 1 — 2:
e x connected = R,(w) generates F4
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Dendric extensions and basis of return words

Theorem (Berthé et al. & G., Goulet-Ouellet, Leroy, Stas)

Let x be uniformly recurrent. The following assertions are
equivalent:

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of F4;
3. for every w € L(x), Rx(w) is a tame basis of F 4.

Proof that 1 — 2:
e x connected = R,(w) generates F4
e x dendric = x neutral = #R,(w) = #A4
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of Fy4;
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;

e 2. — Xx is connected:

e x connected + #Ry(w) =#A = x dendric:
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Number of extensions and return words
Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;
2. for every w € L(x), Rx(w) is a basis of Fy4;
e 2. — Xx is connected:

o if ais a letter: R,(a) generates F4 = ¢ is connected

e x connected + #Ry(w) =#A = x dendric:
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;
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1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;

e 2. — Xx is connected:

o if ais a letter: R,(a) generates F4 = ¢ is connected
e ¢ connected in D, (x) = w connected in x
e 2. = TRp,(x)(a) generates F; (p,(x) for any letter a of D, (x)

e x connected + #Ry(w) =#A = x dendric:
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Proof that 2 =— 1

1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;

e 2. — Xx is connected:

o if ais a letter: R,(a) generates F4 = ¢ is connected
e ¢ connected in D, (x) = w connected in x
e 2. = TRp,(x)(a) generates F; (p,(x) for any letter a of D, (x)

e x connected + #Ry(w) =#A = x dendric:
e x connected — no weak factor
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Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;

e 2. = Xx is connected:

o if ais a letter: R,(a) generates F4 = ¢ is connected

e ¢ connected in D, (x) = w connected in x

e 2. = TRp,(x)(a) generates F; (p,(x) for any letter a of D, (x)
e x connected + #Ry(w) =#A = x dendric:

e x connected = no weak factor

e no weak factor + #R,(w) = #A4 = x neutral
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Number of extensions and return words
Structure of extensions and return words

Proof that 2 =— 1

1. x is dendric;

2. for every w € L(x), Rx(w) is a basis of Fy4;

e 2. — Xx is connected:

o if ais a letter: R,(a) generates F4 = ¢ is connected
e ¢ connected in D, (x) = w connected in x

e 2. = TRp,(x)(a) generates F; (p,(x) for any letter a of D, (x)

e x connected + #Ry(w) =#A = x dendric:
e x connected — no weak factor

e no weak factor + #R,(w) = #A4 = x neutral
e x connected + x neutral =—> x dendric
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Number of extensions and return words
Structure of extensions and return words

Preservation under derivation

Property ‘x — D, (x)
#Rx(u) = K for every u \ v
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#R«(u) = K for every long enough u ‘ v

France Gheeraert The link between return words and extensions of factors WORDS 2025 25 /26



The protagonists
Number of extensions and return words
Structure of extensions and return words

Preservation under derivation

Property ‘ x = Dy(x)
#R«(u) = K for every long enough u v
eventually neutral (resp., weak or neutral, v
strong or neutral)
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Preservation under derivation

Property ‘ x = Dy(x)
#R«(u) = K for every long enough u v
eventually neutral (resp., weak or neutral, v
strong or neutral)

eventually dendric (resp., acyclic, connected) v
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Preservation under derivation

Property ‘x — D, (x)

#R«(u) = K for every long enough u
eventually neutral (resp., weak or neutral,
strong or neutral)

eventually dendric (resp., acyclic, connected)
Rx(u) generates the free group over the
alphabet for every u
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Number of extensions and return words
Structure of extensions and return words

Open questions

e Is there a formula for the number of return words for a set?
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The protagonists
Number of extensions and return words
Structure of extensions and return words

Open questions

e Is there a formula for the number of return words for a set?
e What can we say about freeness of return words?

e Are there other link between return words and extensions?

Thank you for your attention!
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