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Definitions and background

Uniformly distributed sequences

o Let W =WI[0]W][1]...W]|n]... be a sequence over the
alphabet {1,..., M}.
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Definitions and background

Uniformly distributed sequences

o Let W =WI[0]W][1]...W]|n]... be a sequence over the
alphabet {1,..., M}.

@ The sequence W is called uniformly distributed if for all
pairs of integers a,b € N such that a > 1, 0 < b < a and all
m € {1,..., M}, one has

#{k|Wlak +b] =m,0 <ak+b<n} 1

dw,a,p(m) = nlg{.lo n aM
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Definitions and background

First result

Theorem (Gelfond,68)

For integers q, M, d,b,a € N such that q, M,a > 2 and
ged(M,q—1) =1,

5 #{k|sq(ak +b) =dmod M,0 <ak+b<n} 1
ngEo n aM’

where sq(n) is the sum of all digits in the q-expansion of n for
alln € N.
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Definitions and background

(Purely) automatic sequences

@ let A and B be two finite alphabets.

@ A sequence V is called automatic over A if :

o there exists a [-uniform morphism ¢ : B* — B*, i.e. for all
T € B,
[¢(z)| =1;

o there exists a letter a such that ¢(a) = aw;
o there exists a 1-uniform morphisme ¢ : B — A, which is
also called a coding function ;

V= lim (6" (a)).

@ A sequence V is called purely automatic over A if B = A
and ¢ = Id.
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Definitions and background

Some examples

o(1) = 132;
o Let ¢:{1,2,3}* — {1,2,3}* such that »(2) = 312;
#(3) = 213.
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Definitions and background

Some examples

o(1) = 132;
o Let ¢:{1,2,3}* — {1,2,3}" such that »(2) = 312;
#(3) = 213.
@ Then
V=g
=132...;

= 132213312...;
= 132213312312132213213132312. . .;

is purely automatic.
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Definitions and background

Some examples

o Let ¢:{1,2,3}* — {A, B}* such that
P(1) =9(3) = 4;
$(2) = B.
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Definitions and background

Some examples

o Let ¢:{1,2,3}* — {A, B}* such that
{ b(1) =¥(3) = 4
¥(2) = B.
o Then

V=19()
= AABBAAAABAABAABBAABAAAABAAB .. .;

is automatic (and maybe also purely automatic!)
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Questions

o The sum-of-digits functions studied by Gelfond are all
automatic, but not all of them are purely automatic.
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Definitions and background

Questions

o The sum-of-digits functions studied by Gelfond are all
automatic, but not all of them are purely automatic.

@ Question 1 : When will an automatic sequence be uniformly
distributed ?

@ Question 2 : When will a purely automatic sequence be
uniformly distributed 7
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Approaches

Set up

o Let M, L € N such that M > 1,L > 1.
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Approaches

Set up

o Let M, L € N such that M > 1,L > 1.

e Let ¢ be a L-uniform morphism over {1,..., M}, i.e.
|p(x)| = L for all z € {1,..., M}.
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Approaches

Set up

o Let M, L € N such that M > 1,L > 1.

e Let ¢ be a L-uniform morphism over {1,..., M}, i.e.
|p(x)| = L for all z € {1,..., M}.

@ Suppose ¢(1) = 1w for some lenth-L — 1 word w.
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Approaches

Set up

("]

Let M, L € N such that M > 1,L > 1.

Let ¢ be a L-uniform morphism over {1,..., M}, i.e.
|p(x)| = L for all z € {1,..., M}.

Suppose ¢(1) = 1w for some lenth-L — 1 word w.
o Let W = limy, o0 ¢™(1).

(]
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Approaches

First characterization

Proposition

If W satisfies the uniform distribution property, then,

necessarily, for each 0 <1 < L, ¢(1)[l], p(2)[I],- - , p(M)[l] are
pairwise distinct.
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Approaches

First characterization

Proposition

If W satisfies the uniform distribution property, then,
necessarily, for each 0 <1 < L, ¢(1)[l], p(2)[I],- - , p(M)[l] are
pairwise distinct.

6(1) =132 ( ¢'(1) =132

6(2) =321, {  ¢'(2) =123,

»(3) = 213. ¢'(3) = 213.
maybe OK not OK
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Approaches

Set up (2)

o Let M, L € N such that M > 1,L > 1.

e Let ¢ be a L-uniform morphism over {1,..., M}, i.e.

|p(x)| = L for all z € {1,..., M}.
@ Suppose ¢(1) = 1w for some length-L — 1 word w.
o Let W = limy, o0 ¢™(1).
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Approaches

Set up (2)

o Let M, L € N such that M > 1,L > 1.

e Let ¢ be a L-uniform morphism over {1,..., M}, i.e.
|p(x)| = L for all z € {1,..., M}.

@ Suppose ¢(1) = 1w for some length-L — 1 word w.

o Let W = limy, o0 ¢™(1).

e ForO0<i<L,let P:{1,.... M} —{1,...,M} be a
permutation such that P;(m) = ¢(m)[l] for all
me{l,...,.M}.
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Approaches

Set up (2)

o Let M, L € N such that M > 1,L > 1.

e Let ¢ be a L-uniform morphism over {1,..., M}, i.e.
|p(x)| = L for all z € {1,..., M}.

@ Suppose ¢(1) = 1w for some length-L — 1 word w.

o Let W = limy, o0 ¢™(1).

e ForO0<i<L,let P:{1,.... M} —{1,...,M} be a

permutation such that P;(m) = ¢(m)[l] for all
me{l,...,.M}.

@ Let Mp, be the matrix representation of F.
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Approaches

Approach by substitution

o Let M =2, ¢:{1,2}* — {1,2}* satisfying

$(1) = 1121;
$(2) = 2212.

Thus, L = 4.
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Approaches

Approach by substitution

o Let M =2, ¢:{1,2}* — {1,2}* satisfying

$(1) = 1121;
$(2) = 2212.

Thus, L = 4.
o Let U = lim,, 00 ¢"(1).

Shuo Li Joint work with Narad Rampersad 12 /36



Approaches

Approach by substitution

o Let M =2, ¢:{1,2}* — {1,2}* satisfying

$(1) = 1121;
$(2) = 2212.

Thus, L = 4.
o Let U = lim,, 00 ¢"(1).

o Let us compute the densities of 1 and 2 along the
arithmetic progression 3z + ¢, for = 0,1 or 2.
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Approaches

Approach by substitution

#{k|U[3k] = 1,0 < 3k < 45}
=#{k|U[12k] = 1;0 < 12k < 4%}
+#{k|U[12k + 3] = 1,< 12k + 3 < 4%}
+#{k|U12k + 6] = 1;< 12k + 6 < 45}
+#{k|U[12k +9] = 1,0 < 12k + 9 < 4°}
=#{k|U[3k] = Py '(1),0 < 3k < 4%}
+#{k|U[3k] = Py (1),0 < 3k < 4°}
+#{k|UBk + 1] = Py 1(1),0 < 3k + 1 < 45}
+#{k|U Bk + 2] = P 1(1),0 < 3k + 2 < 45},
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Approaches

Approach by substitution

o Let v4),,,; denote the number of m lying on the
arithmetic progression ax + 0 with an index bounded
between /L7 and (i + 1)L7.
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Approaches

Approach by substitution

o Let v4),,,; denote the number of m lying on the
arithmetic progression ax + 0 with an index bounded
between /L7 and (i + 1)L7.

® v30,1,0,6 = ¥3,0,1,0,5 T v3,0,1,0,5 T v3,1,2,0,5 + U3,2,1,0,5-
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Approaches

Approach by substitution

o Let v4),,,; denote the number of m lying on the
arithmetic progression ax + 0 with an index bounded
between /L7 and (i + 1)L7.

® v3,0,1,0,6 = ¥3,0,1,0,5 T ¥3,0,1,0,5 + ¥3,1,2,0,5 T U3,2,1,0,5-

°

v3,0,2,0,6 = ¥3,0,2,0,5 T V3,0,2,0,5 + ¥3,1,1,0,5 + V3,2,2,0,5;

V3,1,1,0,6 = V3,0,1,0,5 T ¥3,1,1,0,5 + ¥3,1,1,0,5 + ¥3,2.2.0,5;
v31,2,0,6 = ¥3,0,2,0,5 T v3,1,2,0,5 + ¥3,1,2,0,5 + ¥3,2,1,0,5;
V321,06 = V3,0,2,0,5 T v3,1,1,0,5 + ¥3,2,1,0,5 + V3,2,1,0,5;

V3220,6 = V3,0,1,0,5 T v3,1,2,0,5 + V3,2,2,05 + V3,2,2,0,5-
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Approaches

Approach by substitution

[3,0,1,0,6 | 2 00 1 1 0] [vs0,105]
13,0,2,0,6 0 21 0 0 1| [v30205
v31106| (1 0 2 0 0 1| {v31,1,05
v31206] (01 0 2 1 0Of |v31205
V3,2,1,0,6 01 1 0 2 0f |v321,05

| V3,2,2,0,6.] 1 0 0 1 0 2] [v32206.
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Approaches

Approach by substitution

@ Set

= O O = O N
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0 0
21
0 2
10
11
00

16 / 36

= o N O O =

SO = OO =

N OO = =O




Approaches

Approach by substitution

@ Set

My s =

= O O = O N

o For all 7,5 € N, one has

1V3,2,2,i,5+1]

V3.0,1,i,j+1 |
V3,0,2,i,j+1
U3.1,1,i,j+1
V3,1,2,i,j+1
V3,2,1,i,5+1
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O = = O N O

O = O N = O

= o N O O =
O~ OO

N OO = =O

V30,10 |
V3,0,2,i,5
U3,1,1,i,j
VU3,1,2,i,j
V3,2,1,i,j
V3,2,2,i,5 ]




Approaches

Approach by substitution

Proposition

The sequence U satisfies

#{k|UBk +i] =7;0<3k+i<n} 1
n "6

if and only if the matriz My 3 is irreducible, i.e., for any
1 <r,s < kM, there exists an integer t such that M;?)(r, s) > 0.

Shuo Li Joint work with Narad Rampersad



Approaches

Approach by substitution

Proposition

The sequence U satisfies

#{k|UBk +i] =7;0<3k+i<n} 1
n "6

if and only if the matriz My 3 is irreducible, i.e., for any
1 <r,s < kM, there exists an integer t such that M;?)(r, s) > 0.

Theorem

In general, the sequence W is uniformly distributed if and only if
the matriz Mgy, is irreducible for all k € N.

v
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Approaches

Construction of My ;.

o Recall that W is a fixed point of a L-uniform morphism
over the alphabet {1,..., M}.
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Approaches

Construction of My ;.

o Recall that W is a fixed point of a L-uniform morphism
over the alphabet {1,..., M}.
e For 0 <! < L, P is the permutation P;(i) = ¢(i)[l] and

Mp, is the matrix presentation of P.
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Approaches

Construction of My ;.

o Recall that W is a fixed point of a L-uniform morphism
over the alphabet {1,..., M}.

e For 0 <! < L, P is the permutation P;(i) = ¢(i)[l] and

Mp, is the matrix presentation of P.

e Then the matrix My is a matrix of size Mk x Mk.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.

Mp,

Mgy =

Shuo Li Joint work with Narad Ramp



Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.

Mgy =
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.

My = -
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.

° - —
Mp,
_ | Mp,,
M¢7k - 0 MPO
.. Mp,
- 0 * -
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.
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Approaches

Construction of My ;.

o Filling the matrix Mgy, by blocks of size M x M.

Mp, .,

Moy, = M,

0

Mp,

L--- % |
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Approaches

Construction of My ;.

o Ifk< L.
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Approaches

Construction of My ;.

o If k< L.

° -
MPO—I—MpkH
MPI +MPk+2

My = Mp, + Mp, .,

Mpk + ...
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Approaches

Example

o Let M =2, :{1,2}* — {1,2}* satisfying

Y(1) = 1121;
P(2) =2212.7
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Approaches

Example

o Let M =2, :{1,2}* — {1,2}* satisfying

Y(1) = 1121;
P(2) =2212.7

L =4
o Let U = limy, o0 ¥"(1).
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Approaches

Example

o Let M =2, :{1,2}* — {1,2}* satisfying

Y(1) = 1121;
P(2) =2212.7

L =4.
o Let U = limy, o0 ¥"(1).
@ Thus,
10
Mp, = Mp, = Mp, = 0 1!’
0 1
M, = [1 0] |
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Approaches

Approach by substitution

To compute My 3
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Approaches

Approach by substitution

To compute My 3

Mp, + Mp, Mp, Mp,
Mgz = Mp, Mp, + Mp, Mp,
Mp, Mp, Mp, + Mp,
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Approaches

Approach by substitution

Thus,
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Approaches

Approach by substitution

Thus,
™ 0 0 1 1 0]
021001
102001
Mos=1o 1021 0
011020
1001 0 2
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Discussion

Reduced matrices

The reduced matrix mgy; is a matrix of the size k x k satisfying

L if (Mg x(p; @) iv+1<p<i(v+1) 7 05
mg i(1,7) = FM+1<q<j(M+1)
0 otherwise.
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Discussion

Example

Mp, + Mp, Mp, Mp,
My 3 = Mp, Mp, + Mp, Mp,
Mp, Mp, Mp, + Mp,
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Discussion

Example
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Discussion

Example

11110
11101
mgs= 110 1 1
10111
01111
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Discussion

Some properties

Proposition

The matrices mg ), only depend on the length of ¢.
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Discussion

Some properties

The matrices mg ), only depend on the length of ¢.

The matrices my 1, are always irreducible (and primitive).
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Discussion

A necessary condition

If ¢ is a L-uniform morphism satisfying that

e The maps P, : i — ¢(i)[l] are all permutations over
{1,...,.M} for0<I< L;
@ pr_1 is a non-trivial rotation,

then My . is irreducible for all k. Consequently, any fized point
W of ¢ is uniformly distributed.
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Fact :




Discussion

Fact :

My =
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Discussion

Let 1 <i,j < kM.
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Discussion

Let 1 <i,5 <EkM.
Since my ) is irreducible, there exist ¢q,?2 such that

mit (i, k) > 0,m, (k, ) >0
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Discussion

Let 1 <i,5 <EkM.
Since my ) is irreducible, there exist ¢q,?2 such that

mit (i, k) > 0,m, (k, ) >0

There exist (k— 1)M + 1 <4,/ < kM such that
M (i) > 0, M2,(5',5) > 0
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Discussion

Let 1 <i,5 <EkM.
Since my ) is irreducible, there exist ¢q,?2 such that

mit (i, k) > 0,m, (k, ) >0

There exist (k— 1)M + 1 <4,/ < kM such that
M (i) > 0, M2,(5',5) > 0

There exists t3 such that
M;ﬁ?]g(,t/?]/) >0
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Discussion

Let 1 <i,5 <EkM.
Since my ) is irreducible, there exist ¢q,?2 such that

mit (i, k) > 0,m, (k, ) >0

There exist (k— 1)M + 1 <4,/ < kM such that
M (i) > 0, M2,(5',5) > 0

There exists t3 such that
M;ﬁ?]g(,t/?]/) >0

Thus,
M3 ) > 0
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Questions

Questions

o [s there a characterization of the uniform distribution
property in terms of the combinatorial properties of the
generating morphism 7
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Questions

Questions

o [s there a characterization of the uniform distribution
property in terms of the combinatorial properties of the
generating morphism 7

o [s it true that a purely automatic sequence has the uniform
distribution property if and only if

e it is aperiodic,
o P, :i— ¢(i)[l] are all permutations ?

Shuo Li Joint work with Narad Ramp



Questions

Thank you for your attention.
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